Let G be a reductive group over a number field F , which is split at a finite place p of F , and let π be a cuspidal automorphic representation of G, which is cohomological with respect to the trivial coefficient system and Steinberg at p. We use the cohomology of p-arithmetic subgroups of G to attach automorphic L-invariants to π. This generalizes a construction of Darmon (respectively Spieß), who considered the case G = GL 2 over the rationals (respectively over a totally real number field). These L-invariants depend a priori on a choice of degree of cohomology, in which the representation π occurs. We show that they are independent of this choice provided that the π-isotypical part of cohomology is cyclic over Venkatesh's derived Hecke algebra. Further, we show that automorphic L-invariants can be detected by completed cohomology. Combined with a local-global compatibility result of Ding it follows that for certain representations of definite unitary groups the automorphic L-invariants are equal to the Fontaine-Mazur L-invariants of the associated Galois representation.
Introduction
Let f be a normalized newform of weight 2k and level Γ 0 (M ). Suppose that M = pN with p prime, p ∤ N and that the p-th Fourier coefficient of f is equal to p k−1 . As a special case of the general interpolation formula one sees that the central critical value of the p-adic L-function of f vanishes independently of the value of its complex counterpart. In [MTT86] Mazur, Tate and Teitelbaum conjectured the existence of a constant L(f ) ∈ C p -the L-invariant of f -which depends only on the restriction of the Galois representation attached to f to a decomposition group at p, such that In the special situation that f corresponds to a rational elliptic curve E, i.e. k = 1 and Q f = Q, the condition a p = 1 is equivalent to E having split multiplicative 2010 Mathematics Subject Classification. Primary 11F55; Secondary 11F70, 11F75, 11F85. reduction at p. Thus, by Tate's p-adic uniformization theorem there exists a p-adic number q ∈ Q * p of absolute value less than 1 and an isomorphism G rig m /q Z = E rig of rigid analytic groups. In that case Mazur, Tate and Teitelbaum propose the following candidate for the L-invariant of f :
In the higher weight case several constructions of the L-invariant were proposed. These a priori different L-invariants are known to be equal and fulfil equation (0.1) by the work of several authors (see [BDI10] or [Col05] for a more detailed discussion). The following is an incomplete list of various constructions of L-invariants:
• Fontaine and Mazur (see [Maz94] ) define L-invariants in terms of the filtered Frobenius module associated to the local Galois representation attached to f . • In [Tei90] Teitelbaum defines L-invariants via p-adic integration theory in the case that f has a Jacquet-Langlands lift to a Shimura curve, which admits a Cerednik-Drinfeld-uniformization. It uses the description of the relevant space of automorphic forms as harmonic cochains on the Bruhat-Tits building, which are invariant under a p-arithmetic subgroup of the group of units of a definite quaternion algebra, and Coleman's p-adic integration theory. • In analogy with the construction of Teitelbaum a candidate for L(f ) is defined by Darmon (cf. [Dar01] ) in the weight 2 case and Orton (cf. [Ort04] ) for general weights in terms of harmonic cochains, which are invariant under p-arithmetic subgroups of GL 2 (Q). • Breuil (see [Bre10] ) gives a definition of L(f ) by studying the f -isotypical component of completed cohomology of modular curves, which leads to the first instances of the p-adic Langlands program. In recent years several authors generalized some of these constructions to higher rank groups. In [Spi14] Spieß generalizes Darmon's approach to Hilbert modular forms of parallel weight 2 and proves the analogue of Mazur, Tate and Teilbaum's exceptional zero conjecture in this setting. Besser and de Shalit (see [BdS16] ) give a generalization of both the L-invariant of Fontaine-Mazur and the one of Teitelbaum for varieties, which are p-adically uniformizable by Drinfeld's d-dimensional upper half space. They replace Coleman's p-adic integration theory by Besser's theory of finite polynomial cohomology. Finally, Ding generalizes Breuil's approach to automorphic forms on definite unitary groups, which are split at p (cf. [Din19] ). He defines what he calls Breuil's simple L-invariants and shows that they are equal to Fontaine-Mazur L-invariants of two-dimensional subquotients of the associated local Galois representation, or rather of the associated (ϕ, Γ)-module.
The main aim of this article, which is carried out in Section 3, is to generalize the approach of Darmon, or rather its representation-theoretic reformulation by Spieß, to suitable automorphic representations of higher rank reductive groups. Let us give a rough sketch of the construction, in which we ignore all kinds of class number issues. Let π be a cuspidal automorphic representation of a semi-simple reductive group G over a number field F such that (i) π is cohomological with respect to the trivial coefficient system, (ii) there is a finite place p of F such that G is split at p and the local component π p is the (complex, smooth) Steinberg representation St ∞ Gp (C) of G(F p ) and (iii) a form of strong multiplicity one holds for π.
(See Section 1 for a complete list of assumptions we impose on π and G.) To simplify notations in this introduction we assume that the finite part of π can be defined over the rationals.
By property (i) we can find an arithmetic subgroup Γ ⊂ G(F ) such that the π-isotypical part of H * (Γ, Q) is non-zero. Evaluation at an Iwahori-fixed vector yields a map H * (Γ p , Hom(St ∞ Gp (Q), Q)) −→ H * (Γ, Q) for a suitable p-arithmetic subgroup Γ p ⊂ G(F ). By analyzing the resolution of the Steinberg representation coming from its interpretation as the cohomology with compact supports of the Bruhat-Tits building of G(F p ) one sees that the map induces an isomorphism on π-isotypical components (see Proposition 3.6).
We fix a Borel subgroup of the split group G Fp . Let ∆ be the corresponding set of simple roots. For a subset J ⊆ ∆ we denote by v ∞ J (Q) the associated smooth generalized Steinberg representation of G(F p ), e.g. v ∞ ∅ (Q) = St ∞ Gp (Q) and v ∞ ∆ (Q) = Q. By a theorem of Dat and Orlik (see [Dat06] and [Orl05] ) the space of smooth I-extensions Ext |I| ∞ (v ∞ I (Q), St ∞ Gp (Q)) is one-dimensional. A choice of generator of said Ext-group yields a map H * (Γ p , Hom(St ∞ Gp (Q), Q)) −→ H * +|I| (Γ p , Hom(v ∞ I (Q), Q)). A crucial result of the article is that this map induces an isomorphism on π-typical components (see Corollary 3.8). In the P GL 2 -case this result was previously proven by considering an explicit resolution of said extensions by compactly induced representations (cf. Lemma 6.2 of [Spi14] ). We use a different, less explicit method: by a spectral sequence argument we reduce the proof to the vanishing result of certain Ext-groups, which is an easy corollary of the results of Dat and Orlik (see Corollary 2.10).
By a theorem of Borel and Serre the smooth Steinberg representation St ∞ Gp (Q) has an integral model, which has a resolution by representations which are compactly induced from finitely generated Z-modules (see Theorem 2.4). This implies that the natural map
is an isomorphism (see Proposition 3.2). This allows us to take cup products with more general extension classes, which we describe in the following: For a subset J ⊆ ∆ let V an J (Q p ) be the associated locally analytic generalized Steinberg representation. In Section 2.4 we construct a natural isomorphism
Here i ∈ I denotes the unique simple root not contained in J. This is a slight generalization of a result of Ding, who proved the corresponding result for G = GL n and I = ∅ in Section 2.2 of [Din19] .
Let St an Gp (Q p ) be the locally analytic Steinberg representation and i ∈ ∆ a simple root. Via the isomorphism (0.2) and basic theory of p-adic integration we can define a cup product pairing
. Thus, by restricting to the π-isotypical component and to an isotypical component of the action of π 0 (G ∞ ) we get a map
for any λ ∈ Hom ct (F * p , Q p ). Let q be the lowest cohomological degree, in which π occurs. We define L
i (π, p) ǫ does not contain the subspace of smooth homomorphisms. If the multiplicity of π is equal to one, we conclude that the codimension of L (0) i (π, p) ǫ is one. We end Section 3 by giving some easy properties of these L-invariants. For example, in Section 3.4 we study their behaviour under twisting by characters and Galois actions. We show that one could define automorphic L-invariants also in terms of cohomology with compact supports in Section 3.6.
In Section 4 we give a generalization of the main result of [Geh19a] . More precisely, we show that automorphic L-invariants are independent of the cohomological degree d provided that the π-isotypical component of cohomology is cyclic over the derived Hecke algebra introduced by Venkatesh in [Ven16] .
Conjecturally one can associate a p-adic Galois representation ρ π to π, which takes values in the so-called C-group of G. The fact that π is Steinberg at p should imply that the restriction ρ π,p of ρ π to the local Galois group at p is totally reducible. In Section 5.1 we define for each simple root i ∈ ∆ the L-invariant L i (ρ π,p ) as the Fontaine-Mazur L-invariants of the two-dimensional subquotient of ρ π,p cut out by i. The rest of Section 5 is devoted to showing that automorphic and Galois theoretic L-invariants agree in a very special situation that was considered before by Ding. For example, we assume that G is a definite unitary group and π is spherical except at p and another place (see Section 5.3 for further assumptions we have to impose on G and π).
In order to do this, we first show that that the 0-th degree L-invariant L (0) i (π, p) ǫ is detected by completed cohomology (see Proposition 5.7 and 5.13). This is a generalization of a theorem of Breuil, who considered modular curve case (see [Bre10] , Theorem 1.1.5). Then, in the above mentioned special situation one can use the local-global compatibility theorem of Ding (see [Din19] , Theorem 1.2) to obtain the equality of L-invariants.
Notations. All rings are assumed to be commutative and unital. The group of invertible elements of a ring R will be denoted by R * . If R is a ring and G a group, we will denote the group ring of G over R by R[G]. Given topological groups H and G we write Hom ct (H, G) for the space of continuous homomorphism from H to G. Let H be a closed subgroup of a locally profinite group G and M an Rlinear smooth representation M of H. The (smooth) compact induction c-ind G H M of M from H to G is the space of all locally constant functions f : G → M which have compact support modulo H and saistfy f (hg) = hf (g) for all h ∈ H, g ∈ G.
Compact induction c-ind G H M is an R-module on which G acts R-linearly via the right regular representation. Let χ : G → R * be a character. We write R[χ] for the G-representation, which underlying R-module is R itself and on which G acts via the character χ. The trivial character will be denoted by ½.
Acknowledgements. It is my pleasure to thank Vytautas Paškūnas for extensive discussions about this manuscript, mathematics and life in general. I am grateful to Yiwen Ding for inviting me for a stay at Beijing International Center for Mathematical Research, during which part of this article was written. I thank Michael Spieß for helpful conversations on completed cohomology. Finally, I would like to thank all past and present members of ESAGA, who taught me new and exciting mathematics during the past five years.
The setup
We fix an algebraic number field F with ring of integers O. In addition, we fix a finite place p of F lying above the rational prime p and choose embeddings
If v is a place of F , we denote by F v the completion of F at v. If v is a finite place, we let O v denote the valuation ring of F v and ord v the additive valuation such that ord v (̟) = 1 for any local uniformizer ̟ ∈ O v . We write N (v) for the cardinality of the residue field of O v .
Let A be the adele ring of F , i.e the restricted product over all completions F v of F . We write A ∞ (respectively A p,∞ ) for the restricted product over all completions of F at finite places (respectively finite places different from p). More generally, if S is a finite set of places of F we denote by A S the restricted product of all
Throughout the article we fix a connected, semi-simple algebraic group G over F of F -rank l. We assume that the base change G Fp of G to F p is split. Let K ∞ ⊆ G ∞ denote a fixed maximal compact subgroup. The integers δ and q are defined via
At last, we fix a cuspidal automorphic representation π = ⊗ v π v of G(A) with the following properties:
• π is cohomological with respect to the trivial coefficient system, • π is tempered at ∞ and • π p is the (smooth) Steinberg representation St ∞ Gp (C) of G p . The field of definition of the finite part of π is denoted by Q π and the multiplicity of π in the space of automorphic forms is denoted by m π .
Hypothesis (SMO). We assume that the following strong multiplicity one hypothesis on π holds: If π ′ is an automorphic representation of G such that • π ′ v ∼ = π v for all finite places v = p, • π ′ p has a Parahori-invariant vector and • π ∞ has non-vanishing (g, K • ∞ )-cohomology, then π ′ is isomorphic to π.
Remark 1.1. One could weaken the assumptions on G. For example, it is enough to assume that G is reductive and not necessarily semi-simple. To ease notations, e.g. one does not have to fix a central character, we stick to the semi-simple case. The condition that the group is split at p could be removed by slightly extending known results from the literature. Anyway, it turns out that the split situation is the richest one. For example, in case G p is compact our construction would be empty (see Remark 2.8 for more details).
Of course, one would like to extend the construction to representations which are cohomological with respect to an arbitrary coefficient system. Most of the results carry over to the more general situation. But the existence of nice integral structures on algebraic twists of Steinberg representations is not known. This seems to be a difficult problem (see Remark 2.6).
The strong multiplicity one hypothesis is known in some examples, most prominently it is known for all automorphic representations of G = P GL n .
Local considerations
In this section we recollect results about generalized Steinberg representations of the group G p .
If H ⊆ G Fp is an algebraic subgroup of the base change G Fp of G to F p , we also denote the group of F p -valued points of H by H. Given a ring R and an closed subgroup H ⊆ G p we denote by C sm R (H) the category of smooth R[H]-modules. 2.1. Resolutions of smooth representations. We introduce the class of flawless smooth representations. In a previous article of the author (see [Geh18] ) these representations were called homologically of finite type. The cohomology of such representations (or rather their algebraic duals) is particularly well-behaved (see Proposition 3.2).
Definition 2.1. Let R be a ring. An object M ∈ ob(C sm R (G p )) is called flawless if • M is projective as an R-module and • there exists a finite length exact resolution
compact, open subgroup and L ∈ ob(C sm R (K p )) finitely generated projective over R.
Remark 2.2. (i) Suppose R = Ω is a field of characteristic 0. Then the representations P i in the definition above are finitely generated projective objects in • K p contains as a normal subgroup a parahoric subgroup that is not an Iwahori subgroup and Remark 2.6.(1) In general, it is known that v I (Z) is Z-free (cf. [GK14] ) and
finitely generated over
, Theorem 3.4) (2) Similarly as in the smooth case, one could define flawlessness for locally algebraic representations with coefficients in a finite extension of F p or O p . In order to generalize the constructions of this paper to automorphic representations, which are cohomological with respect to an arbitrary coefficient system, one needs the existence of flawless integral lattices in twists of the Steinberg representation by irreducible algebraic representations. This seems to be a hard problem in general. In case G = P GL 2 the existence of such flawless lattices in the relevant cases is known by a result of Vignéras (see [Vig08] , Proposition 0.9).
Smooth extensions of generalized Steinberg representations.
We recall the theorem of Dat and Orlik about extensions of smooth generalized Steinberg representations and deduce a simple but crucial corollary. For this section we fix a field Ω of characteristic 0 and often abbreviate v ∞ (i) For I, J ⊆ ∆ we have
(ii) Let I, J, K ⊆ ∆ be three subsets with δ(I, J) + δ(J, K) = δ(I, K). Then, the cup product map
Proof. The first claim was proven by Dat (cf. Theorem 1.3 of [Dat06] ) and independently by Orlik (cf. Theorem 1 of [Orl05] ). The second claim was proven by Dat (see loc.cit.).
Remark 2.8. The first claim holds for a general (not necessarily split) semi-simple group (see [Orl05] ). It is likely that one can refine the arguments in loc.cit. to prove the second claim in this generality. But note that the split case is the most interesting one for our purposes. On the contrary if G p is compact, e.g. the group of reduced norm one elements of the non-split quaternion algebra over F p , then the only generalized Steinberg representation is the trivial one and the category C sm Ω (G p ) is semi-simple. Thus, there are no interesting smooth extension classes.
Definition 2.9. Let I, J ⊆ ∆ be two subsets with δ(I, J) = 1. We define E ∞ I,J (Ω) to be the unique (up to isomorphism) smooth, non-split extension of v ∞ I (Ω) by v ∞ J (Ω). Corollary 2.10. For all subsets J ⊆ I ⊆ ∆ with |I| = |J| + 1 we have:
Most of the terms of the long exact sequence induced by taking Hom(·, St ∞ Gp ) vanish by Theorem 2.7 (i). The remaining terms are
The claim follows since the connecting morphism ∂ is an isomorphism by Theorem 2.7 (ii).
2.4. Locally analytic extensions. We compute spaces of extensions of generalized Steinberg representations and their locally analytic counterparts. This slightly generalizes results of Ding (see [Din19] , Section 2.2).
We fix a finite extension Ω of Q p . Let D(G p ) = D(G p , Ω) be the algebra of Ω-valued distributions in the sense of Schneider and Teitelbaum (cf. [ST02] ) and M(G p ) the category of abstract D(G p )-modules. If V is an (Q p −)analytic representations with coefficients in Ω, its continuous dual V ∨ is naturally a D(G p )-module. Given two locally analytic representation V and W we put
. If V and W are admissible, then Ext 1 an (V, W ) is isomorphic to the group of locally analytic extensions of V by W (see [Bre19] , Lemma 2.1.1).
Let J ⊆ ∆ be a subset and τ a locally analytic representation of P J . The locally analytic induction of τ to G p is the space of functions
The generalized locally analytic Steinberg with respect to I is the quotient
As before, we put St an Gp (Ω) = V an ∅ (Ω) and often drop the field of coefficients Ω from the notation.
Let J ⊆ I ⊆ ∆ be subsets such that |I| = |J| + 1 and let λ ∈ Hom ct (P J , Ω) be a continuous homomorphism. It must be trivial on the unipotent radical of P J and thus can be viewed as a character of its Levi subgroup. Since the Levi subgroup is isogenous to its centre Z J times a semi-simple group, we see that the restriction map
is an isomorphism. Further, every such character is already locally analytic. Let τ λ be the two-dimensional representation of P J given by
By definition we have an exact sequence of the form
. By an easy calculation we see that the map
The inclusion P J ֒→ P I induces an injection Let i be the unique root in I which is not contained in J. Then, pullback via i defines an injection
Its image is a complement to Hom ct (P I , Ω).
Proposition 2.12. The homomorphism
Proof. By the discussion preceding the proposition it is enough to show that the map Hom ct (P J , Ω)/ Hom ct (P I , Ω) −→ Ext 1 an (i ∞ I (Ω), V an J ) is an isomorphism. The case G = P GL n and J = ∅ is the content of [Din19], Corollary 2.15. The proof works verbatim in our more general setup.
The following theorem was proven by Ding in the case G = P GL n and J = ∅ by computing dimensions on both sides (see [Din19] , Theorem 2.17). Our approach is slightly different. We show explicitly that the extensions E an
Theorem 2.13. Let J ⊆ I ⊆ ∆ be subsets with |I| = |J| + 1. The natural map
Considering the long exact sequence of Ext-groups it is enough to show that Hom Gp (w ∞ I , V an J ) = 0. But this is a direct consequence of the calculation of Jordan-Hölder factors of generalized locally analytic Steinberg representations (see the main theorem of [OS14] ).
In order to show surjectivity let us first note that by a similar argument the natural map
is injective. Therefore, by Proposition 2.12 it is enough to show the following: Let λ be an element of Hom ct (P J , Ω). Then the pullback of the extension E an
Since the extension E an J∪{k},J (λ k ) is split by Lemma 2.11, the claim follows.
Remark 2.14. (i) Let λ ∈ Hom ct (F * p , Ω) be a smooth character. It is easy to see that the class E an I,J (λ) is in the image of the natural injection
The calculations are valid for arbitrary split reductive groups, i.e. we do not have to assume semi-simplicity. As in [Din19] , one could also allow twists by a fixed irreducible, algebraic representation.
Extensions of Banach representations.
In this section we give analogues of the results of the previous section in the realm of Banach representations. In contrast to the locally analytic setting it is crucial that we work with trivial coefficients.
As before let Ω be a finite extension of Q p . We denote by U Ω (G p ) the abelian category of admissible Ω-Banach space representation of G p . For V and W admissible Banach representations we put
. Given a subset I ⊆ ∆ and an admissible Banach space representation τ of P I we define its continuous induction to G p as the space of functions
This is an admissible Banach space representation of G p . We define the generalized continuous Steinberg representations with respect to I via
and put St ct Gp (Ω) = V ct ∅ (Ω). As before, we often drop Ω from the notation.
As before, let us fix subsets J ⊆ I ⊆ ∆ with |I| = |J| + 1. A homomorphism λ ∈ Hom ct (P J , Ω) induces an exact sequence
is an isomorphism.
Proof. The first claim can be proven exactly as Lemma 2.11.
Let W ct I be the kernel of the map I ct
an J ) = 0 as in the proof of Theorem 2.13. Hence, by the long exact sequence of Ext-groups the map
Given an element λ ∈ Hom ct (P I , Ω) we have to show that the pullback of the exact sequence
it is in fact enough to prove that the pullback to w ∞ I is split. But this follows from the proof of Theorem 2.13.
Passing to locally analytic vectors is an exact functor on the category of admissible Banach representations by Theorem 7.1 of [ST03] . Thus, we get a map
, which by the density of locally analytic vectors is injective. In fact, since v ∞ I ⊆ V ct I is a dense subrepresentation we see that even the composition
By definition it maps the extension E ct I,J (λ) to its locally analytic counterpart E an I,J (λ). Therefore, the last claim follows from Theorem 2.13. Extensions coming from different simple roots are in a sense independent. To be more precise: let us fix another subset of simple roots J ⊆ K ⊆ ∆ such that |K| = |J| + 1 and K = I. We denote by k ∈ K the unique simple root not contained in J. The following lemma follows from a lengthy but rather straightforward computation.
Lemma 2.16. For every two homomorphisms λ i , λ k ∈ Hom ct (F * p , Ω) the equality 
, where on the left we consider those extension of V ct I (R) by V ct J (R) on which G p acts continuously.
Lemma 2.17. Let J ⊆ I ⊆ ∆ be subsets with |I| = |J| + 1 There exists an integer k ∈ Z such that the map
) canonically factors over the map loc.
Proof. Let I ct PI (R) be the completion of i ∞ I (R). Similar as before, we can define an extension
. Ideally, we would like to show that the pullback of the extension along the inclusion W ct I (R) ֒→ I ct PI (R) is split. By Proposition 2.15 the pullback is split after inverting p. Also, the R[G p ]-module W ct I (R) has a dense and finitely generated R[G p ]-submodule. Hence, at least we see that the extension is split after restricting to ̟ k W ct I (R) for some k ∈ Z. Since Hom ct (F * p , R) is a finitely generated R-module, we can choose a fixed integer k independent of the homomorphism λ ∈ Hom ct (F * p , R). We are now able to construct extensions of mod p generalized Steinberg representations. Namely, we can reduce the resulting map
) from the lemma above modulo ̟ r for r ≥ 0 to obtain a map
Automorphic L-invariants
3.1. Cohomology of p-arithmetic groups. Throughout this section we fix a ring R. Given a compact, open subgroup
There is a canonical isomorphism
is an isomorphism for all d ∈ Z. (c) If R = Ω is a field of characteristic 0, then
Proof. It is enough to consider the case that
) finitely generated projective over R. In this case we have a canonical isomorphism
K p ×Kp Hom R (L, R(ǫ)). By Borel's theorem on the finiteness of class numbers of algebraic groups over number fields (see Theorem 5.1 of [Bor63] ) the double quotient G(F )\G(A ∞ )/K p × K p is finite. We fix a system of representatives g 1 , . . . , g n and put Γ gi = G(F ) ∩ g i (K × K p )g −1 i . Then, Shapiros's Lemma implies that there is an isomorphism
Now all claims follow since arithmetic groups are of type (VFL).
Remark 3.3. The group π 0 (G ∞ ) is a finite, abelian, 2-torsion group.
Corollary 3.4. Let (R, m) be a complete DVR with finite residue field. Under the same hypothesis as in the proposition above the canonical map
is an isomorphism for all d.
Proof. It suffices to proof that the projective system (H d (A R (K p , M ; R/m r (ǫ)))) r fulfils the Mittag-Leffler condition. But this is true by Proposition 3.2 (a).
For a compact, open subset
Note that,íf R is a field of characteristic zero or K p × K p is neat, this group is naturally isomorphic to (the epsilon component) of the singular cohomology with coefficients in R of the locally symmetric space of level K p × K p associated to G. Let us putÃ
where the injective limit runs over all compact, open subgroups K p ⊆ G p . Right translation defines a G p -action onÃ(K; R(ǫ)), which commutes with the G(F )action.
Utilizing that p-arithmetic groups are of type (V F L) similar arguments as in the proof of Proposition 3.2 show that the canonical map
is an isomorphism of smooth G p -modules.
where the injective limit runs over all compact, open subgroups K p ⊆ G p . (b) Suppose that Ω is a field of characteristic 0 and P ∈ C sm Ω (G p ) is a projective smooth representation. Then there are natural isomorphisms
Gp 1 A R (K, R; R(ǫ)). Therefore, by Frobenius reciprocity we have an isomorphism
This in turn implies that
and, thus, by (3.1) the first claim follows. The second claim is an immediate consequence of the first one.
3.2. The π-isotypical component. We determine the π-isotypical component of various cohomology groups.
Since
; N ) for any R-module N . Hence, we abbreviate this space by A(K p , v ∞ I ; N ) (and similarly for St ∞ Gp in place of v ∞ I ). We fix a field extension Ω of Q π and a compact, open subgroup K p ⊆ G(A p,∞ ) such that (π p,∞ ) K p = 0. Let
be the Ω-valued Hecke algebra of level K p away from p. By abuse of notation we denote the model π ∞ over Ω also by π ∞ . If V is a T(K p ) Ω -module, we put
Let I p ⊆ G p be an Iwahori subgroup. Evaluation at an Iwahori fixed vector yields a Hecke-equivariant map
Proposition 3.6. The following holds: (a) For every character ǫ : π 0 (G ∞ ) → {±1} we have
for all d. (c) For every character ǫ : π 0 (G ∞ ) → {±1} we have
Proof. The last claim is a direct consequence of the first two. It is enough to proof the first claim in the case Ω = C by Proposition 3.2 (b). But, in that case the claim follows from the computation of (G, K • ∞ )-cohomology of tempered representations (see Theorem III.5.1 of [BW00] and also 5.5 of [Bor81] for the non-compact case) and our strong multiplicity one hypothesis on π.
If K p ⊆ G p is a parahoric subgroup which is not Iwahori, the strong multiplicity one hypothesis implies that
for all i. Thus, the second assertion can be deduced from the resolution of the Steinberg representation given in Theorem 2.4.
Let J ⊆ I ⊆ ∆ be two subset with |I| = |J| + 1. The non-split short exact sequence Proof. By Theorem 2.3 the representation V is flawless. We fix a resolution
The spectral sequence for double complexes gives a spectral sequence starting at
; Ω(ǫ))). Since the cuspidal part of cohomology of arithmetic groups is semi-simple we may pass to [π]-isotypical components. We want to show that already on the second sheet of the spectral sequence all terms vanish.
By Lemma 3.5 we have natural isomorphisms H j (G(F ), A(K p , P ; Ω(ǫ)))[π] ∼ = Hom Gp (P, lim
for any projective smooth representation P ∈ C sm Ω (G p ). By our strong multiplicity one hypothesis we know that
and therefore, we have natural isomorphisms
Since the representations P j are projective objects in C sm Ω (G p ) we see that
holds by our assumption on V .
As a corollary of the lemma above and Corollary 2.10 we get: This together with Proposition 3.6 (c) implies:
Proposition 3.9. For every character ǫ : π 0 (G ∞ ) → {±1} and every subset I ⊆ ∆ we have
Remark 3.10.(1) The higher smooth Ext-groups of the Steinberg representation with itself vanish by the theorem of Dat and Orlik. Hence, a spectral sequence argument similar to the one above yields an alternative proof of Proposition 3.6 (b).
(2) All arguments of this and the previous section carry over to cohomology with values in an arbitrary finite-dimensional algebraic coefficient system. (3) Corollary 3.8 was proven in the case G = P GL 2 by Spieß using an explicit resolution of the representation E ∞ I,J (Q) (see [Spi14] , Lemma 6.2). In [AdS03] Alon and de Shalit prove a version of the above corollary for the cohomology of cocompact, discrete subgroups of P GL d (F p ). See also the article [GK11] of Große-Klönne for the case of non-trivial coefficient systems.
Automorphic L-invariants.
Let Ω be a finite extension of Q p , which contains Q π , with ring of integers R. If V is an Ω-Banach representation of G p , we write V * = Hom ct (V, Ω) for its continuous dual. Further, we write A ct Ω (K p , V ; Ω(ǫ)) for the Ω[G(F )]-module of functions from G(A p,∞ )/K p to V * (ǫ). We regularly drop the subscript Ω, when it is clear from the context. Every element in Hom(St Gp (Z), R) can be uniquely extended to a continuous functional on St an Gp (Ω). Thus, we get a map
is an isomorphism. Thus, (3.3) induces an isomorphism
of cohomology groups. Therefore, for every i ∈ ∆ we get a well-defined cup-product pairing
; Ω(ǫ))) which commutes with the Hecke-action. By Theorem 2.13 we have a canonical isomorphism Hom ct (F * p , Ω) ∼ = Ext 1 an (v ∞ i , St an Gp ). Hence, taking cup product with the extension E an i,∅ (λ • i) associated to a homomorphism λ ∈ Hom ct (F * p , Ω) yields a map
Definition 3.11. Given a character ǫ : π 0 (G ∞ ) → {±1}, an integer d ∈ Z with 0 ≤ d ≤ δ and a root i ∈ ∆ we define
is flawless. With similar arguments as above, we would have a canonical isomorphism
; Ω(ǫ))) of cohomology groups. In this case, L-invariants defined by taking the cup product with the continuous extensions classes E ct i,∅ (λ• i) would yield the same result as their locally analytic counterparts. Suppose m π = 1. Then, in the cases d = 0 and d = δ the codimension is exactly one.
Proof. The first assertion follows directly from Lemma 3.8. In the case i = 0 or d = δ the cohomology groups in question are one-dimensional by Proposition 3.9 and therefore, the second assertion follows.
Conjecture A. Let i ∈ ∆ be a root.
, Ω) has codimension one for all 0 ≤ d ≤ δ and each sign character ǫ.
i (π, p) ǫ does not depend on the sign character ǫ. Remark 3.14. Let us recall the status of these conjectures for the group G = P GL 2 . In the case F = Q it was shown by Bertolini, Darmon and Iovita (see Theorem 6.8 of [BDI10] ) and independently by Breuil (see Corollary 5.1.3 of [Bre10] ) that the L-invariant does not depend on the sign character ǫ. For arbitrary number fields only partial results are known (see Theorem A of [Geh19b] ).
In [Geh19a] it shown that Venkatesh's conjecture (cf. [Ven16] ) on the action of the derived Hecke algebra on cohomology implies that automorphic L-invariants do not depend on the cohomological degree d. This result is extended to more general groups in Section 4.
3.4.
Invariance under twisting and Galois actions. We use the same notations as in the previous section. We fix a character ǫ : π 0 (G ∞ ) → {±1}, a simple root i ∈ ∆ and an integer d between 0 and δ.
Let χ : G(F )\G(A) → C * be a locally constant character, whose local component at p is trivial. The automorphic representation π ⊗ χ fulfils all the assumptions we imposed on π. Thus, we can define L
Proposition 3.15. We have
i (π, p) ǫ for every locally constant character χ : G(F )\G(A) → C * with χ p = 1.
Proof. After possibly shrinking the compact, open subgroup K p ⊆ G(A p,∞ ) chosen at the beginning of Section 3.3 we may assume that the restriction of χ to it is trivial. Let Tw χ :
is an isomorphism for all subsets I ⊆ ∆. The claim now follows from the commutativity of the diagram
for all λ ∈ Hom ct (F * p , Ω). Now suppose that there exists a subfield F 0 ⊆ F and an algebraic group G 0 over F 0 such that • F is a Galois extension of F 0 ,
• the base change of G 0 to F is isomorphic to G and • G 0 is split at the prime lying below p. The F 0 -linear action of the Galois group Gal(F/F 0 ) on A induces an action on G(A) = G 0 (A). For an element σ ∈ Gal(F/F 0 ) let π σ be the representation of G(A) with the same underlying vector space as π and G(A)-action given by g · π σ v = σ(g).v for all g ∈ G(A), v ∈ π. The representation π σ fulfils all the assumptions we imposed on π but with the prime p σ = σ −1 (p) in place of p. Thus, we can define L
Pullback via σ : F p σ → F p yields an isomorphism σ * : Hom ct (F * p , Ω) −→ Hom ct (F * p σ , Ω). The following proposition follows easily by unravelling the definitions. See [Geh19b] , Lemma 3.1, for a complete proof in the P GL 2 -case.
Proposition 3.16. We have
This together with the conjectural comparison between automorphic and Galois theoretic L-invariants, which we will explain later in Section 5.1, suggest that automorphic L-invariants should be invariant under automorphic base change. Let us spell this out more precisely in the example G = P GL n . To simplify the situation, we assume that π ∞ can be defined over the rationals. Let E be a solvable extension of F . We fix a prime q of E lying above p. By the work of Arthur and Clozel (see [AC89] ) there exists the base change lift π E of π to P GL n /E. The representation π E fulfils all the assumptions we imposed on π and, in addition, it is stable under the action of the Galois group Gal(E/F ). Thus, we get the equality
for all σ ∈ Gal(E/F ).
Since L (0) i (π, p) ½ ⊆ Hom ct (F * p , Q p ) has codimension one by Proposition 3.13 there exists q π ∈ F * p such that L
). In particular, ord p (q π ) = 0. Although ord p (q π ) is not uniquely determined the homothety class of the lattice spanned by it is. Similarly, there exists an element q πE ∈ E * q for 0-th degree L of the base change π E . By equation (3.4) we can chose q πE to be Galois invariant, i.e. q πE ∈ F * p . Conjecture B. Under the above assumptions there exist n, m ∈ Z \ {0} such that the equality q πE = q π holds.
In the case G = P GL 2 Conjecture B is proven under some mild assumptions on the representation π in Lemma 3.3 of [Geh19b] . If, in addition, F = Q and E is an imaginary quadratic extension, Barrera and Williams have proven a higher weight analogue (see Proposition 10.02 of [BWar] ).
3.5.
Automorphic L-invariants relative to a set of roots. We describe a variant of the definition of automorphic L-invariants, which seems natural in view of the calculation of finite polynomial cohomology of Drinfeld's upper half space in [BdS16] . As before let Ω be a finite extension of Q p , which contains Q π . Let R be its ring of integers. We fix subsets J ⊆ I ⊆ ∆ with |I| = |J| + 1. We assume throughout this section that v ∞ S (R) is flawless for every subset S ⊆ ∆. By Theorem 2.5 this assumption holds if all simple factors of G Fp are of type A n .
As in the previous section p-adic integration together with the base change isomorphism induces a map
; Ω(ǫ))). Therefore, taking the cup product with λ ∈ Hom ct (F * p , Ω), which we view as a class in Ext 1 an (v ∞ I , v an J ) via the isomorphism from Theorem 2.13, induces a map c
; Ω(ǫ)))[π] on the π-isotypical component of cohomology. 3.6. Cohomology with compact support. There is also a variant of the above constructions using cohomology with compact support. We use its description in terms of the Steinberg module of G. For more details on the Steinberg module of a reductive group see [Ree90] . We keep the same notations as in the previous sections.
Let P the set of proper maximal F -rational parabolic subgroups of G. A subset S = {P 0 , . . . , P k } ⊂ P of cardinality k + 1 is called k-simplex if P 1 ∩ . . . ∩ P k is a parabolic subgroup of G. Let D k be the free abelian group generated by the k-simplices on P. Taking the associated simplicial complex we get a sequence of G(F )-modules
Let P k be the set of proper F -rational parabolic subgroups of semi-simple F -rank l − 1 − k containing a fixed minimal parabolic subgroup of G. Then for 0 ≤ k ≤ l − 1 there is a natural isomorphism of G(F )-modules
The homology of the complex (3.5) can be identified with the reduced homology of the spherical building associated to G, which is homotopy equivalent to a bouquet of (l − 1)-spheres. Therefore, the complex of G(F )-modules
is exact (see for example [BS76] ).
With the same notations as at the beginning of Section 3.1 we put
and define
). As before, we often drop the subscript R. Using the Borel-Serre compactification (cf. [BS73] ) one can show: if R is a field of characteristic zero or K p × K p is neat, then this group is naturally isomorphic to the cohomology with compact supports of the associated locally symmetric space.
By the exactness of the complex (3.6) we get morphisms
which are functorial in M and N and compatible with the usual map from cohomology with compact support to cohomology.
Lemma 3.21. Let Ω be an extension of Q π . (a) The map
is an isomorphism for all characters ǫ.
is an isomorphism for all subsets I ⊆ ∆ and all characters ǫ.
for every homomorphism λ ∈ Hom ct (F * p , Ω). Definition 3.22. Given a character ǫ : π 0 (G ∞ ) → {±1}, an integer d ∈ Z with 0 ≤ d ≤ δ and a root i ∈ I we define
as the kernel of the map λ → c
Using similar arguments as the one in the proof of Lemma 3.21 one immediately proves the following claim.
Proposition 3.23. Let ǫ : π 0 (G ∞ ) → {±1} be a character and i ∈ ∆ a simple root. We have L
We end this section by noting that the proof of Lemma 3.5 also works for cohomology with compact support. Thus, we get:
There is a natural isomorphism:
where the injective limit runs over all compact, open subgroups K p ⊆ G p .
The R-valued Hecke algebra T(K p ) R away from p of level K p acts on both sides. Going through the proof of Lemma 3.5 it is easy to see that the above map is Hecke-equivariant.
Derived Hecke algebra
We show that L (d) i (π, p) ǫ is independent of the cohomological degree d provided that a conjecture of Venkatesh on the action of the derived Hecke algebra on cohomology holds. The arguments carry over from the P GL 2 -case as discussed in [Geh19a] . 4.1. Local derived Hecke algebras. We recall Venkatesh's definition of (spherical) local derived Hecke algebras and their action on various cohomology groups (cf. Section 2 of [Ven16] ).
Let v be a prime of F , which does not divide p and such that G Fv is split. We fix a hyperspecial subgroup K v ⊆ G v . Further, let r ≥ 1 be an integer.
Definition 4.1. The (spherical) derived Hecke algebra at v with Z/p r -coefficients is the graded algebra
Note that the degree 0 subalgebra of H v,Z/p r is the usual spherical Hecke algebra of G v with Z/p r -coefficients. Proof. This is an immediate consequence of the derived Satake isomorphism (see [Ven16] , Theorem 3.3)
Let Ω be a finite extension of Q p with ring of integers R. Given a compact open subgroup K p = w∤p∞ K w ⊆ G(A p,∞ ) a sign character ǫ : π 0 (G ∞ ) → {±1} and a a smooth G p -representation M ∈ C sm Z/p r (G p ) there is a graded action of H v,Z/p r on H * (G(F ), A R/p r (K p , M ; R/p r (ǫ)): Pullback along the embedding G(F ) → G p induces a map
). The action of the derived Hecke algebra is then given by the cup product pairing coming from the natural pairing
. A more concrete description of the action in terms of explicit generators of the derived Hecke algebra can be found in Section 4.2 of [Geh19a] .
Let k be a large enough integer. By the results of Section 2.6 we can associate to any locally constant homomorphismλ : F * p → p k R/p k+r R an extension class in Ext 1
. Taking cup product with this class induces a homomorphism
). Further, let I p ⊆ G p be an Iwahori subgroup. Evaluation at an Iwahori fixed vector yields a Hecke-equivariant map
(a) Letl : F * p → p k R/p k+r R be a locally constant character. Then, the equality
Gp ; R/p r (ǫ))). Proof. See Lemma 4.6 of [Geh19a] for a detailed proof in the case G = P GL 2 . The same arguments carry over to this more general setup.
4.2.
Global derived Hecke algebra and independence of degree. Let K p ⊆ G(A p,∞ ) a compact open subgroup as in Section 3.2. We may assume that K p is given as a product v∤p∞ K v . Further, let Ω be a finite extension of Q p , such that π ∞ can be defined over Ω, and R its ring of integers with uniformizer ̟. Let S be the finite set of all places v = p of F such that v divides ∞ or K v is not hyperspecial. We write T (S) = T (S) R = R[K S \G(A S )/K S ] for the associated Hecke algebra, which is commutative by the Satake isomorphism. It acts on π S via a character ϕ : T (S) → R. Let m = m(π) be the kernel of the map
Lemma 4.4. Assume that p does not divide the order of the Weil group of G. Then the subalgebra of End(H * (G(F ), A R (K p , M ; R/p r (ǫ))) generated by the action of the derived Hecke algebras H v,Z/p r for all good v is graded commutative and it commutes with the action of T (S) .
Proof. It can easily be seen that derived Hecke operators at different place anticommute with each other. Thus, the assertion follows from Venkatesh's theorem above.
Before we introduce the global derived Hecke algebra let us first define the modules on which it acts. Firstly, we put
Here, the subscript m denotes localization at the maximal ideal m. Secondly, we define
, where as before ev ( * ) R/p r is given by evaluation at an Iwahori fixed vector. We put
where the sum runs over all locally constant homomorphismλ : F * p → p k R/p n . Finally, we define
Thus, the evaluation ev 
We put A ∞ = lim ← −r A r ⊗ R Ω and similarly for B ∞ and C ∞ . By Corollary 3.4 there are canonical isomorphisms
provided that v ∞ i (R) is flawless. By construction the global derived Hecke algebrã T acts on all of these modules.
By the two lemmas aboveT fulfils analogues of the properties (DH1)-(DH3) and (DH5) from Section 4.1 of [Geh19a] . Thus, by a straightforward generalization of Main Lemma 4.1 of loc.cit. we get the following result.
Theorem 4.6. Assume that p does not divide the order of the Weil group of G and that v ∞ i (R) is flawless. Further, assume that L (0) i (π, p) ǫ ⊆ Hom ct (F * p , Ω) is a subspace of codimension one. If H q (X K p ×Ip , Ω) ǫ generates H * (X K p ×Ip , Ω) ǫ as ã T-module, then part (ii) of Conjecture A holds, i.e. we have
Remark 4.7. By Proposition 3.13 the condition that L (0) i (π, p) ǫ has codimension one is fulfilled if the multiplicity of the representation π is equal to one, which always holds if G = P GL n . By Theorem 2.3 the R[G p ]-module v ∞ i (R) is also flawless in this case. Thus, if G = P GL n , the assumptions of the above theorem reduce to p ∤ n! and that the π-isotypical component of cohomology of the associated locally symmetric space is generated by its minimal degree component. The later assumption is, of course, the more crucial one. In case that π is spherical at p it was formulated as a question by Venkatesh in [Ven16] . See Theorem 7.6 of loc.cit. for certain cases, in which Venkatesh answers the question affirmative.
Galois representations and completed cohomology
5.1. Conjectural connection to Galois representations. By assumption the automorphic representation π is cohomological. So, in particular, it is C-algebraic in the sense of Buzzard and Gee (cf. [BG14] ). In loc. cit. it is conjectured that one can associate a Galois representation ρ π to π that takes values in p-adic points of the C-group C G of G. After recalling the definition of the C-group we will refine the conjecture in our case. More precisely, we will give a conjectural description of certain subquotients of the restriction ρ π,p of ρ π to the local Galois group at p in terms of automorphic L-invariants.
Let us start with a brief reminder on the classical situation. Suppose f is a (elliptic modular) newform of weight 2 and level Γ 0 (N ), which is Steinberg at the rational prime p. For simplicity, we assume that f has rational Fourier coefficients The automorphic representation π f associated to f is a representation of P GL 2 . Although the dual group of P GL 2 is SL 2 , the p-adic Galois representation ρ f attached to f takes values in GL 2 (Q p ) and no twist of it has image in SL 2 (Q p ). We write Q p (1) for the one-dimensional Galois representation given by the cyclotomic character (and use a similar notation in case the coefficients are a finite extension of Q p ). Since f is Steinberg (and ordinary) at p the restriction of ρ f to the local Galois group Gal(Q p /Q p ) at p is a non-split extension of Q p by Q p (1), i.e. it defines a non-zero class [ρ f,p ] in H 1 (Gal(Q p /Q p ), Q p (1)). By local class field theory we have an isomorphism
We define
L(ρ f,p ) ⊆ Hom ct (Q * p , Q p ) as the kernel of taking the cup product with the class [ρ f,p ]. By local Tate duality this is subspace of codimension one. By Theorem 1 of [Dar01] we have an equality of subspaces L(ρ f,p ) = L(π f , p). In this situation there is only one simple root and one cohomological degree. Hence, we have dropped them from the notation. Since the independence of the sign character is known for the automorphic L-invariant in this case (see Remark 3.14), we dropped it from the notation as well. For an analogue of the above equality of Linvariant for modular elliptic curves over totally real number fields see Proposition 5.9 of [Spi14] . Now let us return to our general setup. In Proposition 5.3.1 of [BG14] a canonical G m -extension G ′ of G is constructed. For example, in the case G = P GL 2 this extensions turns out to be GL 2 . The C-group C G of G is defined to be the Lgroup of G ′ . Here we view the L-group of a reductive group over F as an algebraic group defined over Q. Thus, the group C G is a semi-direct product of the dual reductive group G ′ of G ′ (defined over Q) and the absolute Galois group Gal(Q/F ) of F . Let
be one of the Galois representation conjecturally associated to π as in [BG14], Conjecture 5.3.4. In particular, the composition of ρ π with the natural projection C G(Q p ) → Gal(Q/F ) is the identity and the restriction of ρ π to almost all local Galois groups is compatible with the local Satake isomorphism (cf. loc. cit. for more details.) Note that ρ π is not uniquely determined (up to conjugation) by π as pointed out in Remark 3.2.4 of [BG14] .
By assumption, G and hence G ′ is split at p. Therefore, the action of the local Galois group Gal(Q p /F p ) on G ′ is trivial. Thus, restricting ρ π to the local Galois group at p yields a homomorphism
where the second map is given by projection on the first factor. We may fix a finite extension Ω of Q p such that ρ π,p takes values in G ′ (Ω).
We fix a split torus and a Borel subgroup T ′ ⊆ B ′ ⊆ G ′ and view ∆ as a set of cocharacters of T . Let ∆ ∨ be the associated set of dual roots.
Definition 5.1. A representation
is special if • its image is (up to conjugation) contained in B ′ (Ω) and • the composition i ∨ • ρ p is the cyclotomic character for all i ∨ ∈ ∆ ∨ . Let ρ p : Gal(Q p /F p ) → G ′ (Ω) be a special representation. For every i ∈ ∆ let P ′ i ⊆ G ′ the standard parabolic subgroup associated to its dual root i ∨ . Since the Levi subgroup of P ′ i has semi-simple rank 1, there exists a non-zero map pr i : P ′ i −→ P GL 2 . The composition ρ p,i = pr i •ρ p takes (up to conjugation) values in the Borel subgroup of upper triangular matrices in P GL 2 (Ω). Since ρ p is special we can lift ρ p,i to an honest two-dimensional representation which is an extension of Ω by Ω(1) and, thus, it defines a class [ρ p,i ] in H 1 (Gal(Q p /Q p ), Ω(1)). Note that a priori this class could be trivial. Similar as above, we define L i (ρ p ) ⊆ Hom ct (F * p , Ω) ∼ = H 1 (Gal(Q p /F p ), Ω) as the kernel of taking the cup product with the class [ρ p,i ]. By local Tate duality this is a subspace of codimension at most one and the representation ρ p,i is crystalline if and only if ord p ∈ L i (ρ p ).
In accordance with (5.1) we make the following prediction.
Since v ∞ i (R) is flawless, we may take the cup product with E ct i (λ) to define automorphic L-invariants. Hence, the first boundary map in the above exact sequence is zero if and only if λ ∈ L Remark 5.8. (i) In the case of elliptic modular cusp forms the proposition above is due to Breuil (see [Bre10] , Theorem 1.1.5). (ii) One might wonder if a similar statement is true in higher cohomological degree. But by the vanishing conjectures on completed cohomology dictate that this cannot be the case. More precisely, it is conjectured that H d c (X K p , Ω) ǫ = 0 for all d > q and every group G (see the survey paper of Calegari and Emerton [CE11] for a more detailed conjecture). This is known for groups of Hodge type by Scholze (see [Sch15] , Corollary IV.2.2). A non-Shimura example for which the conjecture can be checked easily is the group P GL 2 over an imaginary quadratic field (cf. Example 2.12 of [CE11]).
Definite unitary case.
Let us assume that we are in the situation considered in section 4 of [Din19] (see also Section 5.1 of [EG14] and Section 2.3 of [CEG + 16]). We do not spell out the complete list of assumptions imposed on G and π in these references but give a summary of the most crucial ones in the following. We assume F is a totally real number field and we fix a totally imaginary quadratic extension E of F , which is unramified at all finite places and split at p. Let q be any prime of E lying above p. Aside from our usual assumption on G we suppose that G is a definite outer form of P GL n such that G E = P GL n,E and p ∤ 2n. (In particular, δ = 0 and π 0 (G ∞ ) is trivial and, therefore, there is only a single automorphic L-invariant attached to π.)
We further assume that π v is spherical at all finite places v except at v = p and at another finite place v 1 ∤ p, which is split in E and does not split completely in F (ζ p ).
Let ρ πE : Gal(Q/E) → GL n (Ω) be the p-adic Galois representation associated (to the base change of) π (see [CH13] and [Shi11] for its existence). Aside some other assumptions on the reduction of ρ π,E we assume that it is unramified and adequate, hence in particular irreducible, and that Frobenius at v 1 acts with distinct eigenvalues, which are not equal to N(v 1 ) ±1 .
Theorem 5.9. Under the above assumptions Conjecture C holds, i.e. we have the equality L i (ρ πE ,q ) = L (0) i (π, p) ½ for all i ∈ ∆.
Proof. Since G is definite Proposition 5.7 applies, i.e. a continuous homomorphism λ : F * p → Ω lies in L 
5.4.
Completed cohomology -general case. We end by making a few remarks on how the results from section 5.2 can be generalized. A priori, it might be possible that the π-isotypical part of completed cohomology is non-zero below the the expected q. In order to avoid this problem, we make the following strong assumption, which is, in general, hard to check as the example at the end of the section demonstrates. Let m be the maximal ideal of the integral Hecke algebra T (S) = T (S) R as defined at the beginning of section 3.2.
Assumption A. We assume that H d c (X K p ×Kp , Z/p) ǫ m = 0 for all 0 ≤ d < q.
Under this assumption one can inductively prove that H d c (X K p , R/(̟) r ) ǫ m = 0 holds for all r ≥ 1. Then, by an easy spectral sequence we get the following generalization of Lemma 3.24.
Lemma 5.10. Suppose that Assumption A holds. There is a natural isomorphism i (π, p) ǫ . Remark 5.14. Let us end with mentioning an example, where the above assumption on the vanishing of completed cohomology is satisfied. Let us assume that F is totally real and G is an anisotropic similitude group of a quadratic CM extension E of F , which contains a imaginary quadratic field. Further, we assume that G is associated with a division algebra over E. The main theorem of [CS17] states that Assumption A holds if there exists a rational prime l = p that is completely split in F such that the mod p Galois representation attached to π is unramified and decomposed generic at all places above l. Being decomposed generic is a certain big image condition (see Definition 1.9 of loc.cit. for a precise definition).
